Global Regularity for the Viscous Boussinesq Equations by Li, Yanguang Charles
ar
X
iv
:m
at
h/
03
02
19
9v
1 
 [m
ath
.A
P]
  1
7 F
eb
 20
03 Global Regularity for the Viscous
Boussinesq Equations
Yanguang Li
Department of Mathematics
University of Missouri
Columbia, MO 65211
Email: cli@math.missouri.edu
November 7, 2018
Abstract
The global regularity for the viscous Boussinesq equations is proved.
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1 Introduction
In the numerical studies [5] and [4], different observations have been re-
ported on the question of finite time singularities of solutions to the inviscid
Boussinesq equations:
θt + u · ∇θ = 0,
ut + u · ∇u+∇p =
(
0
θ
)
,
∇ · u = 0.
Here θ is the temperature, u = (u1, u2) is the velocity, p is the pressure. In
[5], Pumir and Siggia observed that the cap of a symmetric rising bubble
collapses in a finite time. In contrast, E and Shu in [4] reported that the mo-
tion of the bubble cap is a very unlikely candidate for finite time singularity
formation.
In this paper, we prove the global regularity for the viscous Boussinesq
equations:
θt + u · ∇θ = κ∆θ,
ut + u · ∇u+∇p =
(
0
θ
)
+ ν∆u, (1.1)
∇ · u = 0.
Here, κ is the heat diffusion constant, ν is the viscosity constant.
The approach of the proof follows from that of [6] [1] [2]. Neverthe-
less, we follow closely [2]. An possible alternative approach is the Galerkin
approximation approach as in chapter 9 of [3].
2 Formulation of the Theorem
Consider Eq.(1.1) under the initial conditions:
u(0) = b, θ(0) = β; (2.1)
where b is C∞ smooth, divergence free, and compactly supported; β is also
C∞ smooth, compactly supported. Then the question of global regularity
is as follows: Does a smooth solution to the Cauchy problem (1.1;2.1) exists
for all time ? For any fixed T , we call a solution of (1.1;2.1) that is in
L∞([0, T ];L2(R2)) ∩ L2([0, T ];H1(R
2)),
3
a weak solution; a solutions of (1.1;2.1) that is in
L∞([0, T ];H1(R
2)) ∩ L2([0, T ];H2(R
2)),
a strong solution. It is known that strong solutions are actually smooth [3].
We will prove the following:
Theorem 2.1 The solution to the Cauchy problem (1.1;2.1) for κ > 0,
ν > 0 is strong and hence smooth on the time interval [0, T ].
and the following:
Corollary 1 The solution to the Cauchy problem (1.1;2.1) for κ > 0, ν = 0
satisfies:
u ∈ L∞([0, T ];H1(R
2)), θ ∈ L∞([0, T ];H1(R
2)) ∩ L2([0, T ];H2(R
2)).
3 Proof of the Theorem
Consider the mollified equation:
θt + u
(δ) · ∇θ = κ∆θ,
ut + u
(δ) · ∇u+∇p =
(
0
θ
)
+ ν∆u, (3.1)
∇ · u = 0.
In which,
u(δ) = φδ ∗ u, ∇ · u
(δ) = 0, φδ = δ
−2φ(x/δ, y/δ);
where φ is smooth, compactly supported, and has integral equal to 1;(
φδ ∗ u
)
(t, x, y) =
∫
R2
φδ(x− x1, y − y1)u(t, x1, y1)dx1dy1.
It is known that solutions to the Cauchy problem (3.1;2.1) are smooth on
any time interval [0, T ] [3]. The proof consists of a posteriori estimates
on the mollified equations. The goal is to find uniform bounds in the limit
δ → 0 and pass to the limit to get conclusion for the original Cauchy problem
(1.1;2.1).
4
From the first equation in (3.1), we get∫
θ2(T ) + 2κ
∫ T
0
∫
|∇θ|2 ≤
∫
β2. (3.2)
Here
∫
stands for
∫
R2 dxdy,
∫ T
0 stands for
∫ T
0 dt, and θ(T ) = θ(T, x, y). From
the second equation in (3.1), we get
d
dt
∫
|u|2 + 2ν
∫
|∇u|2 = 2
∫
θu2. (3.3)
Apply Schwarz inequality to the right hand side of (3.3), and use inequality
(3.2), we have ∫
|u(T )|2 + 2ν
∫ T
0
∫
|∇u|2 ≤ Γ1, (3.4)
where Γ1 is a constant depending only on b, β and T . By inequalities
(3.2;3.4), we see that solutions to the Cauchy problem (3.1;2.1) are uniformly
bounded for δ → 0 in
L∞([0, T ];L2(R2)) ∩ L2([0, T ];H1(R
2)).
The difficult part is to prove the solutions are uniformly bounded in
L∞([0, T ];H1(R
2)) ∩ L2([0, T ];H2(R
2)).
Differentiating (3.1), we get[
∂/∂t+ u(δ) · ∇ − κ∆
]
θx = {θ, u
(δ)
2 }, (3.5)[
∂/∂t+ u(δ) · ∇ − κ∆
]
θy = −{θ, u
(δ)
1 }, (3.6)[
∂/∂t+ u(δ) · ∇ − ν∆
]
ω = −θx + {u1, v
(δ)
1 }+ {u2, v
(δ)
2 }. (3.7)
Here, ω = ∂u1/∂y − ∂u2/∂x, θx = ∂θ/∂x, v
(δ) = u− u(δ), and
{p, q} =
∂p
∂x
∂q
∂y
−
∂p
∂y
∂q
∂x
.
From (3.5;3.6;3.7), we have:
d
dt
∫
θ2x + 2κ
∫
|∇θx|
2 = 2
∫
θx{θ, u
(δ)
2 }, (3.8)
d
dt
∫
θ2y + 2κ
∫
|∇θy|
2 = −2
∫
θy{θ, u
(δ)
1 }, (3.9)
d
dt
∫
ω2 + 2ν
∫
|∇ω|2 = −2
∫
θxω + 2
∫
ω[{u1, v
(δ)
1 } (3.10)
+ {u2, v
(δ)
2 }].
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The key for the proof below is that we can estimate (3.10) first, using
the inequality (3.2). Then, we estimate (3.8; 3.9), using the estimates to be
obtained for (3.10). Notice some simple facts:∫
ω2 =
∫
|∇u|2, (3.11)∫
|∇ω|2 =
∫
|∇∇u|2, (3.12)∫
|v(δ)|2 ≤ A1δ
2
∫
ω2, (3.13)∫
|∇v(δ)|2 ≤ A2
∫
ω2, (3.14)
where A1, A2 are constants. Next, we estimate (3.10). By integration by
part, we have∫
ω{u1, v
(δ)
1 } =
∫
v
(δ)
1 {ω, u1},
∫
ω{u2, v
(δ)
2 } =
∫
v
(δ)
2 {ω, u2}.
Then, by Schwarz inequality, we get
2
∣∣∣∣
∫
ω[{u1, v
(δ)
1 }+ {u2, v
(δ)
2 }]
∣∣∣∣ ≤ 4
{
ǫ
∫
|∇ω|2 + ǫ−1
∫
|v(δ)|2|∇u|2
}
, (3.15)
where ǫ is a small constant to be chosen later on. Moreover,
∫
|v(δ)|2|∇u|2 ≤
[ ∫
|v(δ)|4
]1/2[ ∫
|∇u|4
]1/2
. (3.16)
By the Gagliardo-Nirenberg inequality:
[ ∫
|v(δ)|4
]1/2
≤ C1
[ ∫
|∇v(δ)|2
]1/2[ ∫
|v(δ)|2
]1/2
,
and identities (3.13;3.14), we get
[ ∫
|v(δ)|4
]1/2
≤ C2δ
∫
ω2. (3.17)
From now on, Cj (j = 1, 2, ...) are all constants. By the same Gagliardo-
Nirenberg inequality and identities (3.11;3.12), we get
[ ∫
|∇u|4
]1/2
≤ C3
[
|∇ω|2
]1/2[ ∫
ω2
]1/2
. (3.18)
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From (3.16;3.17;3.18) and an algebraic inequality, we get
4ǫ−1
∫
|v(δ)|2|∇u|2 ≤ C4
{
ǫ
∫
|∇ω|2 + ǫ−3δ2
[ ∫
ω2
]3}
. (3.19)
Thus, by (3.15;3.19), we have
2
∣∣∣∣
∫
ω[{u1, v
(δ)
1 }+{u2, v
(δ)
2 }]
∣∣∣∣ ≤ (4+C4)ǫ
∫
|∇ω|2+C4ǫ
−3δ2
[ ∫
ω2
]3
. (3.20)
Finally, we have the estimate for (3.10):
d
dt
∫
ω2 + 2ν
∫
|∇ω|2 ≤ 2
[ ∫
θ2x
]1/2[ ∫
ω2
]1/2
(3.21)
+ (4 + C4)ǫ
∫
|∇ω|2 + C4ǫ
−3δ2
[ ∫
ω2
]3
.
Choose
ǫ =
ν
4 + C4
,
we get
d
dt
∫
ω2 + ν
∫
|∇ω|2 ≤ 2
[ ∫
θ2x
]1/2[ ∫
ω2
]1/2
+ C5ν
−3δ2
[ ∫
ω2
]3
. (3.22)
Notice that the term [ ∫
θ2x
]1/2
in (3.22) is integrable in time by virtue of (3.2). Solving the above inequality
for
∫
ω2, and choose δ such that
C5ν
−3δ2
{
2
[ ∫
ω2(0)
]1/2
+ 2
∫ T
0
[ ∫
θ2x
]1/2}4
T ≤ 1,
we get
∫
ω2(T ) ≤ 4
{[ ∫
ω2(0)
]1/2
+
(
1
2
Tκ−1
∫
θ2(0)
)1/2}2
. (3.23)
By virtue of (3.23), we have from (3.22) that
∫ T
0
∫
|∇ω|2 ≤ Γ2, (3.24)
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where Γ2 is a constant depending only on b, ∇b, β, and T . By (3.23;3.24),
we see that u is uniformly bounded for δ → 0 in
L∞([0, T ];H1(R
2)) ∩ L2([0, T ];H2(R
2)).
Next we go back to estimate (3.8;3.9). By Schwarz inequality, we have
d
dt
∫
|∇θ|2 + 2κ
∫
|∇∇θ|2 ≤ 8
[ ∫
|∇θ|4
]1/2[ ∫
|∇u(δ)|2
]1/2
. (3.25)
Notice that ∫
|∇u(δ)|2 ≤ C6
∫
|∇u|2;
then (3.23) implies that
[ ∫
|∇u(δ)|2
]1/2
≤ D, (3.26)
where D is a constant depending on T . By the Gagliardo-Nirenberg inequal-
ity: [ ∫
|∇θ|4
]1/2
≤ C7
[ ∫
|∇∇θ|2
]1/2[ ∫
|∇θ|2
]1/2
,
we get
d
dt
∫
|∇θ|2 + 2κ
∫
|∇∇θ|2 ≤ 8DC8
[
ǫ1
∫
|∇∇θ|2 + ǫ−11
∫
|∇θ|2
]
.
Choose
8DC8ǫ1 = κ,
we get
d
dt
∫
|∇θ|2 + κ
∫
|∇∇θ|2 ≤ D1κ
−1
∫
|∇θ|2, (3.27)
where D1 is a constant depending on T . Then, we have∫
|∇θ(T )|2 ≤ D2
∫
|∇β|2,
∫ T
0
∫
|∇∇θ|2 ≤ Γ3;
where D2 and Γ3 are constants depending on initial data and T only. Thus
θ is also uniformly bounded for δ → 0 in
L∞([0, T ];H1(R
2)) ∩ L2([0, T ];H2(R
2)).
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For this sequence of solutions parametrized by δ, there exists a sub-
sequence which converges to a solution to the original Cauchy problem
(1.1;2.1); moreover, it inherits the bounds, hence it is a strong solution. Since
strong solutions are actually smooth and unique, the theorem is proved. ♣
Next, we prove the corollary. Notice that the estimate for
∫
ω2(T ) in
(3.23) is independent of ν; thus, we can take the limit ν → 0 to get solution
to the Cauchy problem (1.1;2.1) for κ > 0, ν = 0
u ∈ L∞([0, T ];H1(R
2)).
All the estimates for θ are still true. This completes the proof of the corollary.
♣
4 Conclusion
The global regularity for the viscous Boussinesq equations is proved, by
following the approach in [2].
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